In the paper, asymptotic behavior of the uncertainty product for a family of zonal spherical wavelets is computed. The family contains the most popular wavelets, such as Gauss-Weierstrass, Abel-Poisson and Poisson wavelets and Mexican needlets. Boundedness of the uncertainty constant is in general not given, but it is a property of some of the wavelets from this class.
Introduction
Similarly as Heisenberg's uncertainty principle in quantum physics, several uncertainty principles are valid in mathematics. They state that a function cannot be sharp both in space and in frequency, and quantitatively they are expressed by boundedness from below of an uncertainty constant whose definition depends on the domain of the function. The problem of minimization of the uncertainty constant of wavelets on the real line -whose analog on the sphere is the uncertainty product -was studied since 1990s. The reason was that the wavelet transform gives information about time-frequency localization of continuous time-signals with finite energy and therefore the size of the time-frequency windows must be small. One of the first questions investigated in this context was to find wavelets preserving timefrequency localization as smoothness grows, where smoothness was understood for instance as Hölder exponent, as the decay rate of Fourier transform or as the number of vanishing moments of the wavelet or the scaling function, cf. [18] and the references therein. A similar problem for periodic wavelets was considered in [19] . In my previous paper [14] I proved that the uncertainty constants of families of rotation-invariant Poisson wavelets over the n-dimensional sphere tend to the minimum value when some parameters approach their limits.
The present research is devoted to a broader class of spherical wavelets, and it is shown that even boundedness of the uncertainty constant is an exceptional property. I investigate functions given by
where x = (x 1 , x 2 , . . . , x n+1 ) ∈ S n ⊆ R n+1 and ϑ is the first hyperspherical variable, i.e.,
. . .
Functions depending only on ϑ are invariant with respect to a rotation around the X 1 -axis and they are called zonal (or rotation-invariant ). In formula (1), ρ ∈ R + , q ν is a polynomial of degree ν, strictly positive and monotonously increasing for l ≥ 1, and a, c -some positive constants. Further, λ a parameter depending on space dimension, λ = n−1 2 , and C λ l denotes Gegenbauer polynomial of degree l and order λ. There are two essentially different definitions of continuous spherical wavelets, namely those based on group theoretical approach [1] and those derived from approximate identities [9] , see discussion in [9, Sec. 5] . It is shown in [13, Theorem 2.6] that a wide class of (non-zonal) wavelets belonging to the latter class can be derived from functions defined by (1) . It can be easily verified that the zonal functions (1) are wavelets as well. Although [13, Theorem 2.6 ] concerns a wider class of functions, we concentrate on those with a polynomial in the exponent of the exponential function. The reason is, the wavelets used in applications and considered in the literature, such as Gauss-Weierstrass wavelets, Abel-Poisson wavelets or the whole family of Poisson wavelets [2, 8, 11] , as well as Mexican needlets [4, 5] are of this type. Further, the aim of the present research is to compare wavelet families, characterized by parameters a, c, ν, and the polynomial q, in respect of their uncertainty product. Zonal wavelets are in the author's opinion a class of functions wide enough to yield interesting results. Computation of the uncertainty product of directional wavelets will be the object of my future research. An uncertainty principle for twice continuously differentiable functions on the two-dimensional sphere was derived by Narcowich and Ward in [20] . The definitions of variances in space and momentum domain (whose square roots are uncertainties) were used by other authors to characterize distinct function families in respect of their localization, see e.g. [3] . The case of n-dimensional spheres was investigated in [21] , where an uncertainty principle for zonal functions was derived. These ideas were further generalized in [6, 7] to continuously differentiable non-vanishing functions over S n . The uncertainty principle stated in [20, 21] is weaker than that from [6, 7] . To my best knowledge, the notion uncertainty product was introduced in [16] . Contrary to the authors of [20, 21] , Laín Fernández uses the word variance for what was called uncertainty and the product of variances in space and in momentum domain is called the uncertainty product of a twice continuously differentiable function. Except for these distinct expressions, the definitions coincide in the above mentioned papers. A series representation of the uncertainty product using Gegenbauer coefficients of a zonal function over S 2 is derived in [16] . Similarly, a series representation of the uncertainty product of a function over S 1 is presented in [6, 7] and for zonal S n -functions in [10] .
Preliminaries
Let S n denote the n-dimensional unit sphere in (n + 1)-dimensional Euclidean
is its Lebesgue measure. Gegenbauer polynomials C λ l of order λ ∈ R, and degree l ∈ N 0 , are defined in terms of their generating function
They are real-valued and for a fixed λ = 0 orthogonal to each other with respect to the weight function t → 1 − t 2 λ− 1 2 . Integrable zonal functions over the sphere have the Gegenbauer expansion
with Gegenbauer coefficients
where c is a constant that depends on l and λ = n−1
2 . The variances in space and momentum domain of a C 2 (S n )-function f with S n x |f (x)| 2 dσ(x) = 0 are given by [16] 
where ∆ * is the Laplace-Beltrami operator on S n . The quantity
is called the uncertainty product of f . The uncertainty product of zonal functions may be computed from their Gegenbauer coefficients [10, Lemma 4.2] and according to the spherical uncertainty principle it is bounded from below by n 2 , see [20, 21] and [6, formula (4.37)], [7, formula (12) ].
Lemma 2.1 Let a zonal square integrable and continuously differentiable function over S n be given by its Gegenbauer expansion
Its variances in space and momentum domain are equal to
whenever the series are convergent.
3 The uncertainty product of spherical wavelets
For the proof of the main statement of this paper, Theorem 3.4, we need some lemmas. 
Proof. Consider the function
It is monotonously increasing for x ∈ 0,
and monotonously decreasing
and
one obtains (5).
Lemma 3.2 Let d and ρ be positive numbers, and q(l) = l ν +a ν−1 l ν−1 +· · ·+a 0 -a polynomial of degree ν ≥ 1, positive and monotonously increasing for l ≥ 1.
Proof. If ν ≥ 2, consider the function
is positive for x = 0, tends to −∞ for x → +∞ and changes the sign in x 0 such that
Thus, the function f has a local maximum in x 0 . Consequently, estimation (6) holds also in this case. For ρ ∈ (0, 1) set
for x ∈ (0, R) and a = ν−1 ι=0 |a ι |. Further, for each ǫ > 0 there exists ρ 0 ∈ (0, 1) such that q(x) x ν − 1 ≤ ǫ for all ρ ∈ (0, ρ 0 ) and x ∈ [R(ρ), ∞). Consequently,
for x ∈ (0, R) and
and further
The sum of the left-hand-sides of (10) can be estimated from below as follows:
and for the right-hand-side of (10) we obtain in an analogous way
Consequently, by (7),
Since we investigate the behavior of ∞ k f (l) for ρ → 0, we can assume without loss of generality that ǫ → 0. Thus
In order to estimate f max note that since q(x) > 0 for x ≥ 1, there exists α > 0 such that
Apply (8) to the function on the right-hand-side of this inequality to get
We obtain (9) by the same arguments as in the proof of Lemma 3.1. For ν = 1 write the series as 
Proof. Set 
Note that for positive l and c, and r ≥ 2
for l ≥ 2 r+1 r + 1 c,
Consequently, for l ≥ 2k
Thus, by Lemma 3.2,
On the other hand, set K = 2k
One obtains the assertion from (11) and (12) . After this preparation the main result may be proved.
Theorem 3.4 Let {Ψ ρ } be a zonal wavelet family with
where a > 0, c > 0, and q ν (l) = a ν l ν + a ν−1 l ν−1 + · · · + a 1 l + a 0 is a polynomial of degree ν, positive and monotonously increasing for l ≥ 1. The uncertainty product of Ψ ρ for ρ → 0 behaves like
Proof. Note that in the expressions (3) and (4), in the numerators and the denominators there occur products of two Gegenbauer coefficients of f such that the factor ρ ac λ in (13) can be neglected by computation of var S (Ψ ρ ) and var M (Ψ ρ ). Consider
and compute the numerator of var S (f ρ ),
where P 2λ−1 is a polynomial of degree 2λ − 1 and with leading coefficient equal to 1 (2λ−1)! . According to Lemma 3.3, for ρ → 0 it behaves like
In a similar manner, for the denominator of (3) we obtain
with a polynomial P 2λ of degree 2λ and with leading coefficient
Further, for the numerator of var M (f ρ ) we have
, and the denominator of var M (f ρ ) is equal to N S ,
Consequently,
It follows from (14) , (15) , and the definition of the uncertainty product that
for ρ → 0.
Discussion
It is apparent that the uncertainty product of a wavelet family given by (13) is in general unbounded for ρ → 0. Computation of the second terms in the expansions of N S (f ρ ) and D S (f ρ ) (in order to obtain the exact coefficient in the first term of the representation (3)) is impossible without explicit knowledge of the coefficients of the polynomial q, and even if they were known, it is quite sophisticated, see [17] . Note that in the case of Poisson wavelets
the term ρ a ν = ρ disappears, and one has var S (g m ρ ) = O(ρ 2 ), see [14] . Consequently, Poisson wavelets have bounded uncertainty product for ρ → 0. Similarly, Gauss-Weierstrass kernel on the two-dimensional sphere
has a bounded uncertainty product, see [17] . Further, the exponent c may have an influence on the value of the coefficients in the exact expansion of the variances and the uncertainty product, as it is the case by Poisson wavelets, but the exponents in these expansions are dependent only on a and ν. However, the constant a can be easily ousted: Set ρ := ρ a . Since the measures α( ρ) and α(ρ) differ only by a multiplicative constant, ρ may be replaced by ρ in the investigation of the uncertainty product. In the general case, the increase of the uncertainty product of a wavelet for ρ → 0 is undesirable. Thus, bounded uncertainty product of Poisson wavelets [8, 11] is the next property (beside explicit expressions in terms of spherical variables ϑ and ϕ [11] , Euclidean limit property [9] , and existence of discrete frames with density proportional to the scale [15, 12] ) that makes this wavelet families superior to other ones. On the other hand, the uncertainty product of another wavelet families must be computed. Note that the computations in [14] cannot be applied to Abel-Poisson wavelet (that can be regarded as Poisson wavelet of order m = has not been computed so far (contrary to the uncertainty product of GaussWeierstrass kernel ). Since these wavelet families are most popular, it seems to be important to characterize them in respect of their uncertainty product.
